Phase competition underlies many remarkable and technologically important phenomena in transition metal oxides. Vanadium dioxide (VO 2 ) exhibits a first-order metal-insulator transition (MIT) near room temperature, where conductivity is suppressed and the lattice changes from tetragonal to monoclinic on cooling. Ongoing attempts to explain this coupled structural and electronic transition begin with two alternative starting points: a Peierls MIT driven by instabilities in electron-lattice dynamics and a Mott MIT where strong electronelectron correlations drive charge localization [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] . A key missing piece of the VO 2 puzzle is the role of lattice vibrations. Moreover, a comprehensive thermodynamic treatment must integrate both entropic and energetic aspects of the transition. Here we report that the entropy driving the MIT in VO 2 is dominated by strongly anharmonic phonons rather than electronic contributions, and provide a direct determination of phonon dispersions. Our ab initio calculations identify softer bonding in the tetragonal phase, relative to the monoclinic phase, as the origin of the large vibrational entropy stabilizing the metallic rutile phase. They further reveal how a balance between higher entropy in the metal and orbital-driven lower energy in the insulator fully describes the thermodynamic forces controlling the MIT. Our study illustrates the critical role of anharmonic lattice dynamics in metal oxide phase competition, and provides guidance for the predictive design of new materials.
Phase competition underlies many remarkable and technologically important phenomena in transition metal oxides. Vanadium dioxide (VO 2 ) exhibits a first-order metal-insulator transition (MIT) near room temperature, where conductivity is suppressed and the lattice changes from tetragonal to monoclinic on cooling. Ongoing attempts to explain this coupled structural and electronic transition begin with two alternative starting points: a Peierls MIT driven by instabilities in electron-lattice dynamics and a Mott MIT where strong electronelectron correlations drive charge localization [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] . A key missing piece of the VO 2 puzzle is the role of lattice vibrations. Moreover, a comprehensive thermodynamic treatment must integrate both entropic and energetic aspects of the transition. Here we report that the entropy driving the MIT in VO 2 is dominated by strongly anharmonic phonons rather than electronic contributions, and provide a direct determination of phonon dispersions. Our ab initio calculations identify softer bonding in the tetragonal phase, relative to the monoclinic phase, as the origin of the large vibrational entropy stabilizing the metallic rutile phase. They further reveal how a balance between higher entropy in the metal and orbital-driven lower energy in the insulator fully describes the thermodynamic forces controlling the MIT. Our study illustrates the critical role of anharmonic lattice dynamics in metal oxide phase competition, and provides guidance for the predictive design of new materials.
Vanadium dioxide is both an archetypical example of competing metallic and insulating phases [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] and a material useful in applications such as field-effect transistors and ultrafast optoelectronic switches [10] [11] [12] . In the metallic tetragonal (rutile) phase above T c 5 340 K, vanadium atoms form straight, equally spaced c-axis chains, whereas in the insulating monoclinic (M1) phase, they dimerize to form zigzag chains with unequal spacings (Fig. 1c) . Concurrently, an insulating gap opens in the electronic structure. Numerous studies indicate that changes in either electron-lattice (Peierls) or electron-electron (Mott) correlations can impact physical properties, particularly when doping or under external strains. However, our basic understanding of the MIT in VO 2 lacks an accurate description of lattice dynamics because the incoherent vanadium neutron scattering cross-section hinders single-crystal inelastic neutron scattering (INS). Thus, attempts to elucidate VO 2 lattice dynamics have relied on indirect approaches such as Raman scattering 13 , thermal diffuse scattering 14 (TDS), Debye-Waller measurements 15 , acoustic waves 16 and INS studies of related materials 17 . These results identified large vibrational amplitudes in the metallic phase 15 and suggested a softmode phase transition associated with a particular lattice periodicity 14, 18 (the tetragonal R-wavevector in reciprocal space). However, they provided only a rudimentary picture of lattice dynamics, preventing a definitive assessment of thermodynamic forces driving the MIT 6, 9, 16, 18, 19 . Here we report X-ray and neutron scattering measurements and ab initio molecular dynamics (AIMD) calculations that provide a full thermodynamic accounting.
We first examine lattice vibrations in VO 2 using measurements of the temperature-dependent phonon density of states (PDOS), made using the ARCS neutron spectrometer at the Spallation Neutron Source at Oak Ridge National Laboratory. The PDOS spectra shift gradually above and below the MIT, but exhibit a discontinuity in shape across T c (Fig. 1a) . The rutile PDOS at temperatures above T c are considerably softer (lower in energy) than the M1-phase PDOS. In addition, a low-energy peak is evident in the momentum-averaged rutile dynamical structure factor S Qavg (E) around 14 meV at high temperatures (1,200 K; Fig. 1d ). This peak gradually softens by a few millielectronvolts on cooling towards T c . From our inelastic X-ray scattering (IXS) dispersion measurements and calculations (discussed below), this peak is identified with transverse acoustic branches, which are flat (constant in energy) over large portions of the Brillouin zone. On cooling to near T c , the energy of this peak remains above ,12 meV and then disappears as VO 2 transforms to the M1 phase in a first-order transition (Fig. 1d) . Importantly, the changes in the PDOS provide the phonon contribution to the transition entropy. Our experimental vibrational entropy change, corrected for neutron weighting, is DS ph (rutile-M1) 5 0. 34 , for the total entropy change 4, 9 . Thus, phonons account for ,2/3 of the total increase in entropy at the MIT, dominating the entropy stabilizing the metal. This result is consistent with early speculation 6 , rules out other estimates 5, 16, 20 and, most importantly, provides a quantitative benchmark for theory. To explain this experimental result, we calculated temperaturedependent phonon dispersions with density functional theory (DFT). We used the Perdew-Burke-Ernzerhof (PBE) exchange-correlation functional, and the modification PBE1U that includes an electronic Hubbard repulsion U on vanadium sites as suggested by previous calculations 19, 21 . Additional calculations with the Heyd-Scuseria-Ernzerhof (HSE) hybrid functional treated electronic correlations at the level of PBE (U 5 0), but with a more exact exchange contribution. Simulations including strong anharmonicity in the rutile phase were performed using AIMD (PBE) and the temperature-dependent effective potential method 22 . The M1 phase was found to be largely harmonic, and its phonons were calculated in this approximation. The calculated PDOSs for the M1 (T 5 0 K) and rutile (T 5 425 K) phases are shown for comparison in Fig. 1b . Good overall agreement is found between the calculated and measured PDOSs with regard to both the shapes and the energies of the main features, including the rutile transverse acoustic peak at ,12 meV (near T c ) and the relative softness of the metallic phase.
Using ab initio calculations, we computed the contributions of phonons and electrons to the entropies of both phases. The computed vibrational entropy change at the transition yields 0.31 k B atom 21 for AIMD (PBE, U 5 0), showing remarkable agreement with experiment. The electronic entropy change was obtained from the electronic density of states (EDOS), given a sufficient bandgap in the M1 phase for its electronic entropy to be negligible (in agreement with our DFT calculations and the known insulating nature of the M1 phase). The rutile EDOS gave S el (rutile2M1) 5 0.09 k B atom 21 for both PBE and PBE1U, in agreement with transport estimates 9 . Thus, our best estimate of the total entropy change across the transition is
21 . This result accounts for most of the calorimetry total of 0.5 k B atom 21 (refs 4, 9), and shows that other possible contributions (from, for example, magnetism) are small.
To identify the origin of large vibrational entropy for particular wavevectors, q, in reciprocal space, we performed X-ray TDS measurements 14 from VO 2 single crystals at Advanced Photon Source (APS) beamline 33-BM. Figure 2a , c shows the measured diffuse intensity in a rutile {110} reciprocal-space slice, and Fig. 2b, d shows the corresponding TDS patterns computed from the ab initio phonon dispersions. The calculations agree well with the measured TDS q profiles, including subtle intensity variations, demonstrating that the TDS streak in . The {111} TDS sheets pass through R and M points in the tetragonal Brillouin zone (Fig. 3a) , and have been proposed to arise from correlated linear displacements of chains of vanadium atoms in the real-space [111] direction 23 . However, energy-integrated TDS measurements alone cannot determine the nature of the displacements. We now trace the {111} TDS to particular low-energy transverse acoustic phonons.
Energy-and momentum-resolved IXS measurements at the APS HERIX beamline revealed the origin of individual low-energy modes, and, in addition, revealed strong damping of rutile phonons. As shown in Fig. 3b , energy scans at constant q reveal unusually broad phonon peaks (short lifetimes) with asymmetric shapes matching damped oscillator line shapes. Figure 3c shows experimental rutile dispersions where the phonon scattering rates, 2c j (q), are indicated as vertical bars. Vanadium atom motions dominate the lowest-energy branches. Flat transverse acoustic sections along C-R and C-M (E < 12 6 3 meV) are responsible for both the low-energy PDOS peak and the {111} TDS sheets described above. We find that all low-energy transverse acoustic and longitudinal acoustic phonons are strongly damped, particularly along C-R-A-M. Furthermore, unusual stiffening of the low-energy transverse acoustic branches is observed on heating from 425 to 800 K. This stiffening is strongest along C-R and C-M, suggesting that the same anharmonic mechanism is responsible for both stiffening and large damping. The phonon scattering rates are large, corresponding to low quality factors Q 5 E/2c < 3. Notably, the large phonon linewidths are largely temperature independent. This unusual observation suggests an offsetting competition between electron-phonon interactions (increasing Peierls coupling and widths on cooling) and conventional anharmonicity (increasing phonon-phonon interactions on heating). We note that the 
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R-point transverse acoustic phonon energy does not trend to zero during cooling close to the MIT; rather, the energy remains above ,12 meV (Fig. 1d ). This observation disproves the proposal, suggested by symmetry, of a conventional soft-mode transition at this wavevector 14, 18 , and shows that harmonic DFT attempts focused on this lattice instability do not capture the pervasive nature of anharmonic lattice dynamics 19 . We note that rutile VO 2 phonon dispersions show a strong similarity to the dispersions in rutile TiO 2 Table 1 ). Because the crystal structure is the same and the atomic masses are similar, this phonon softening in VO 2 compared with TiO 2 could be ascribed to the difference in bonding between the two materials. Titanium dioxide is a wide-gap insulator (.3 eV), but in VO 2 the extra d electron of vanadium produces a metallic state, partly filling the bands derived from the vanadium 3d t 2g orbitals. Metallic behaviour screens the phonons, lowering their frequencies 6 . Using calculations to understand the origin of soft phonons and strong anharmonicity (Fig. 3b, c) , we first observe that rutile VO 2 dispersions calculated in the harmonic approximation produced unstable phonons across a wide region of the Brillouin zone (both PBE and PBE1U), consistent with prior reports 19 . In contrast, our AIMD dispersion calculations for rutile VO 2 ( Fig. 3d) , including renormalization by anharmonicity, show good agreement with experiment, without any fitting parameters. Although the rutile phase is dynamically unstable at 0 K, our results establish that anharmonic bonding stabilizes the rutile lattice at temperatures above the MIT, producing stable phonons throughout the Brillouin zone. Consistent with IXS ( Fig. 3c ) and TDS ( Fig. 2) , calculated phonons are soft for wavevectors in reciprocal-space {111} planes that include the tetragonal R and M points. We calculate that increasing the temperature to 800 K stiffens the phonons at a rate of 3.3 meV K 21 at the R point, in agreement with the measured 4 meV K 21 . Anharmonicity and softness in the rutile phase are revealed with DFT calculations of frozen-phonon potential energy curves. Figure 4a shows the energy profile (per atom) for the particular rutile R-point transverse acoustic modes (0.5TA1 1 0.5TA2) associated with the static atomic displacements that occur during the MIT, and Fig. 4b shows the profile for the related optic mode at the corresponding wavevector (C point) in the M1 phase. The quartic-like potential for all low-energy rutile modes strongly departs from parabolic (harmonic) behaviour, manifesting the nonlinear dependence of ionic forces on displacement amplitudes. In contrast, the M1 phase shows harmonic frozen-phonon potentials for all modes calculated. This agrees with Raman spectra being sharp in the M1 phase and broad in the rutile phase, suggesting strong metallic electron-phonon coupling 6, 13 . Thermodynamically, the anharmonic potentials describe the microstructural mechanism stabilizing the hightemperature rutile structure. Phase stability is controlled by competition between minimizing enthalpy, H, and maximizing entropy, S, in the Gibbs free energy, G 5 H 2 TS. The soft, quartic rutile potentials significantly increase the position-momentum phase space volume, providing the large vibrational entropy that stabilizes the metallic phase.
Illustrating the effects of structural and dynamic changes, Fig. 4c , d shows how the total energy and the forces on vanadium atoms change as the lattice structure is transformed from rutile to M1. Here intermediate configurations of the schematic form j 3 M1 1 (1 2 j) 3 rutile are taken as the linear interpolation of atomic positions and lattice parameters that are described by the continuous parameter j, with lattice structures ranging from rutile (j 5 0) to M1 (j 5 1). For the DFT calculation with no Hubbard repulsion (U 5 0), there are two shallow minima with comparable energies, one in the rutile phase and one in the M1 phase. Including electronic correlations, the PBE1U calculation exhibits a lower minimum for the M1 phase, corresponding to the energetically favoured insulating phase at low temperature. A metastable low-temperature rutile structure with a small energy barrier (Fig. 4c) ) and a previous local-density approximation result 7 . A smaller value of U , 3.4 eV would produce the experimental energy difference, although with a smaller bandgap. Examining the corresponding atomic forces using PBE1U shows that the force on a vanadium atom along the c-axis chain, f // (schematically indicated in Fig. 4e ), is initially slightly negative (restoring) near j 5 0 (rutile), but becomes positive (destabilizing) for larger j values (shaded region Fig. 4d ). 
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Thus, V-V dimerization is favoured by Peierls distortion, energetically stabilizing the M1 phase. Our DFT calculations with U 5 0 show a weaker Peierls instability, with a positive force only for j . 0.64. Motivated by suggestions that the Peierls distortion is orbitally driven 19, [25] [26] [27] [28] [29] , in Fig. 4f we show that the vanadium d x 2 {y 2 orbital occupancy increases while occupation in the other two t 2g orbitals decreases as the lattice transforms from rutile to M1, increasing anisotropy. We note that the Peierls instability begins once the difference in occupation between the d x 2 {y 2 and d yz (or d xz ) orbitals exceeds ,0.4 electrons in both PBE and PBE1U calculations. Additional hybrid functional (HSE) calculations (Fig. 4f) show that both PBE1U and HSE enhance the occupation of d x 2 {y 2 orbitals relative to PBE (U 5 0), leading to stronger orbital overlap along c-axis chains and, consequently, a stronger Peierls instability. Thus, strong Hubbard electronic correlations, which are not included in HSE, are not required to describe occupations 30 . A further theoretical test is correctly predicting the EDOS for both phases. Figure 4g , h contrasts the PBE1U metallic EDOS (non-zero at Fermi level) with the insulating M1 EDOS (open bandgap). In contrast, we find a very small M1 bandgap (,0.1 eV) in relaxed PBE (U 5 0), whereas our HSE calculation yields a gap of 1.1 eV. Thus, both PBE1U and HSE increase the magnitude of the M1 gap compared with PBE. This larger gap is also understood from the higher occupation of d x 2 {y 2 orbitals in both PBE1U and HSE, favouring the orbital-assisted Peierls distortion in agreement with references 19, [25] [26] [27] [28] [29] . Our measurements establish fundamental benchmarks to test and guide theoretical models of the MIT in VO 2 . Our first-principles calculations provide a comprehensive thermodynamic description, revealing that increased occupation of vanadium d x 2 {y 2 orbitals triggers the Peierls instability, lowering the energy and opening the insulating bandgap. The MIT results from the competition between lower electronic energy in insulating the M1 phase due to the Peierls instability, and the higher entropy of the metallic rutile phase resulting from soft anharmonic phonons. Soft lattice dynamics in the rutile phase reflect the intrinsic influence of the electronic and structural instabilities driving the MIT. This understanding of the role of lattice dynamics and their relationship to electronic structure provides a critical component for developing more complete physical models of phase competition in functional transition metal oxides.
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METHODS
Phonon density of states. Although traditional single-crystal, triple-axis INS measurements of phonon dispersion curves are not available owing to the incoherent scattering cross-section of V, measurements of the PDOS integrated over reciprocal space (Q-space) do not require coherent scattering. We consequently measured temperature-dependent PDOS spectra using INS at the ARCS wide-angular-range chopper spectrometer at the Spallation Neutron Source at Oak Ridge National Laboratory 31 . The sample consisted of commercially available VO 2 powder from Sigma Aldrich (99.9% trace metal basis). Conventional powder X-ray diffraction verified that the material was ,99% monoclinic M1-phase VO 2 at room temperature. Two temperature stages were used for DOS measurements: a resistive heater stage (referred to as MICAS) for high-temperature measurements from room temperature to 1,200 K, and a closed-cycle displex refrigerator for low-temperature measurements from room temperature to 14 K. The sample mass was 18 g of VO 2 contained in a pouch made of 0.025 mm-thick Nb foil in the heating stage and 14.5 g of VO 2 in a thin-walled Al can in the refrigerator. The uncertainty in the sample temperature was approximately 10 K owing to thermal gradients between the thermocouple and sample. The spectra were corrected for sample environment background, and the k i /k f phase-space factor. Inelastic spectra at each temperature were collected at two incident neutron beam energies, 140 and 30 meV. A neutron-weighted phonon density of states was determined from the E i 5 140 meV data by summing the data over a wide range of momenta covering multiple zones from 3 to 10 Å
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, subtracting the elastic peak and the incoherent multiphonon contribution determined iteratively to all orders 32, 33 , and dividing by the thermal occupation and Debye-Waller factors. For E i 5 30 meV, the spectra (Extended Data Fig. 1 ) do not reach the phonon cutoff energy (,80 meV in rutile and ,110 meV in M1) necessary to determine a phonon density of states, but the higher resolution allowed a survey of the temperature dependence of the low-energy features, which were explored in more detail but at fewer temperatures using single-crystal IXS. From the PDOS, g(E), normalized to unit integral, the vibrational entropy is
with n the Bose-Einstein occupation factor. We note that the calculated PDOSs tend to have sharper features than the measured spectra, because they do not include phonon damping as discussed below (in section on IXS), although the calculated PDOSs do include the experimental resolution. Single-crystal synthesis. X-ray TDS and IXS measurements were performed using thin single crystals grown at ORNL. Typical crystals (Extended Data Fig. 2 ) were rectangular needles with a width of ,0.1 to 0.3 mm and a length of several millimetres, although some crystals were more plate-like (several millimetres in two dimensions). Single crystals of VO 2 were grown by means of a relatively nontraditional crystallization technique that incorporated some aspects of 'self-fluxing'. This method was based on the chemical instability of V 2 O 5 at elevated temperatures versus the more stable chemical properties of the higher-melting-point compound VO 2 while in the presence of molten V 2 O 5 . The VO 2 growth was carried out by first placing high-purity V 2 O 5 in a rectangular quartz boat. Two growth configurations were evaluated. In one configuration, the quartz boat containing the V 2 O 5 charge was placed inside a larger quartz tube with one end of the tube closed. The boat and single-closed-end tube were then placed in a horizontal tube furnace that incorporated a quartz tube-furnace liner. The sealed end of the larger-diameter tube containing the quartz boat and growth charge was oriented towards the direction of an Ar gas flow. In the second growth configuration, the larger quartz tube was not used, and the boat and V 2 O 5 growth charge were simply positioned directly inside the quartz furnace liner. Similar VO 2 crystal growth results were obtained with both of these configurations. To initiate the growth process, the quartz tube-furnace liner was evacuated and purged with Ar several times, and a continuous flow of Ar was then established. At this point, the temperature in the horizontal tube furnace was set at 1,000 uC and maintained at this temperature for approximately 120 h. Under these conditions, the V 2 O 5 melts and then slowly decomposes to form VO 2 that subsequently increases in concentration and eventually nucleates into small seed crystals that continue to grow during the 120 h processing time. After 120 h, the furnace was turned off, the system was allowed to cool to room temperature while maintaining an Ar gas flow, the quartz boat was removed from the furnace, and the resulting VO 2 crystals were harvested. The resulting VO 2 samples are highly aligned, single-domain crystals in the rutile phase and exhibit twin domains in the monoclinic M1 phase. TDS measurements. X-ray diffuse scattering measurements were made at the X-ray Operations and Research beamline 33-BM-C at the APS 34 . An X-ray energy of 21 keV was selected on the basis of considerations of sample transmission and detector efficiency, and were selected from bending-magnet radiation using a Si (111) double-crystal monochromator. The second crystal of the monochromator was dynamically bent to focus the beam horizontally to ,1 mm full-width at halfmaximum (FWHM). A Pd-coated mirror was dynamically bent to focus the beam vertically to 0.5 mm FWHM and to suppress higher-order reflections from the monochromator. Incident X-ray flux, typically 8 3 10 11 photons s
, was measured using an air-filled ionization counter.
An electric furnace was used to heat the VO 2 . Two samples were measured: a plate-like 2 mm 3 4 mm 3 0.2 mm VO 2 crystal, and a rectangular 0.25 mm 3 0.25 mm 3 5 mm VO 2 crystal rod. The crystals are twinned in the M1 phase and are single-domain in the rutile phase. The sample was attached with Lakeshore conductive Ag-filled epoxy or colloidal Ag paint to a Cu mount which was radiatively heated in vacuum. A Be hemisphere, 75 mm in diameter and 0.40 mm thick, served as an X-ray window. The furnace was mounted on a four-circle diffractometer with the thin sample in Bragg (that is, transmission) geometry. A circular X-ray aperture, 5 mm in diameter, was placed on the 2h arm immediately downstream of the Be hemisphere, blocking scattering from air and from the hemisphere.
Scattered X-rays were measured using a Pilatus 100K detector, a 487 3 195 array of 172 mm 3 172 mm Si diodes, operating in single-photon counting mode. The detector was placed 530 mm from the sample on the 2h arm. Calibrated Ti foils were used to attenuate the diffracted beam when the detector would otherwise saturate (that is, close to Bragg reflections). Diffuse scattering volumes were measured by scanning h through (typically) 14u in 48 steps, collecting counts for 3 s at each step. Larger reciprocal space volumes were measured by repeating these h scans over a grid of 2h and x values.
Diffracted intensity was corrected for Ti foil transmission and normalized to incident X-ray flux. The reciprocal-lattice vector was calculated for each pixel of the detector at each angle setting. Diffuse scattering maps in arbitrary intensity units were calculated by averaging the counts of all pixels contained in each voxel of a regular 0.05a* 3 0.05b* 3 0.025c* grid in units of the reciprocal-space unit cell (a*, b*, c*) for the rutile lattice.
As discussed in the main text, the diffuse scattering is dominated by {111} sheets (rutile H 1 K 1 L 5 2n; n a non-zero integer). Thus, the streak of intensity observed in Fig. 2a, b corresponds to the intersection of a {111} sheet with a {110} plane in reciprocal space (see Supplementary Video 1 for 3D rendering) . This observation is compatible with measurements in a related V 0.9 Nb 0.1 O 2 compound 23 , but is inconsistent with diffuse lobes inferred from limited measurements of VO 2 (ref. 14). In particular, we find that the rutile R points in reciprocal space are saddle points in the 3D TDS, rather than maxima. These sheets, similar to those observed for TiO 2 , have been proposed to arise from correlated displacements of chains of V atoms 35 . The plane spacing corresponds to the (1/2 1/2 1/2) V-V separation, and requires inphase V displacements. The absence of the H 1 K 1 L 5 0 sheet requires displacements in the [111] direction. An ideally planar sheet of scattering corresponds in real space to long chains of atoms vibrating in phase; the observed thickness of the sheets is consistent with four V atoms in a [111] chain vibrating in phase. However, the IXS measurements of individual dispersions described in the main text provide a more complete and detailed description of lattice vibrations in terms of lowenergy transverse acoustic phonons lying in the {111} plane in reciprocal space.
The diffuse scattering intensity increases linearly with temperature, consistent with our conclusion that the atomic displacements are dynamic rather than static. Diffuse scattering around the (4.5 0 3.5) reciprocal-space R point was measured at 75, 250, and 400 uC in the rutile phase. Scattering over roughly one Brillouin zone was averaged over H 1 K 1 L 5 C planes, with C ranging from 7 to 9, projecting the intensity onto a line. This TDS was fit by the least-squares method to a Lorentzian line shape on a linear background: the Lorentzian component includes only first-order TDS. The FWHM of the TDS is 0.56 reciprocal-lattice units, independent of temperature. The intensity (Extended Data Fig. 3 ) thus reflects the temperature dependence of first-order TDS. The limited data provided by three points is consistent with a linear temperature dependence, as expected for the high-T limit of the Bose-Einstein occupation factor for phonons. TDS calculations. The contribution of TDS to the measured X-ray diffuse intensity was computed on the basis of our ab initio phonon dispersions. The dynamical structure factor, S(Q, E), was derived from the phonon dispersion relations E j (q)5 Bv j (q) as
In this equation, n j (q) 1 1/2 6 1/2 is the Bose-Einstein population factor n j 51/ (exp[Bv j (q)/k B T]21), with the plus and minus signs corresponding to phonon creation and phonon annihilation, respectively. The delta functions ensure conservation of energy and momentum in the scattering process:
with t a reciprocal-lattice vector and E 0 and E 1 the initial and, respectively, final energies of the X-ray photon. The inelastic structure factor F(Q) is defined by
with the sum extending over the atoms of the unit cell. In this equation, M k is the mass of the kth atom in the unit cell, b k is its X-ray scattering length (,Z, atomic number, for E 0 5 21 keV), r is its position vector and e {Wk is the Debye-Waller factor. For each wavevector q of a branch j, the pattern of motion of atoms in the cell is specified by the polarization vectors e(j, k, q) (k 5 1, 2, ..., r) for the r atoms in the cell. In our calculation, the Debye-Waller factor was calculated for each atom using a cubic approximation and the partial PDOS of the respective species. The S(Q, E) was evaluated on a fine four-dimensional grid in Q-E space (covering the same Brillouin zones measured in X-ray diffuse scattering experiments), and integrated over E to produce the TDS intensity, S TDS (Q).
For calculations in the rutile VO 2 phase, we used the renormalized effective harmonic dispersions at finite temperature from temperature-dependent effective potential (TDEP) and AIMD calculations 22 . To represent the phonon damping, the delta-function profiles of phonon spectra in equation (1) could be replaced with damped-harmonic-oscillator functions 36 , but this has little effect on the energyintegrated thermal diffuse scattering S TDS (Q), and for simplicity we limited our calculation to the form of equation (1).
As can be seen in Fig. 2 , our TDS calculations account well for the shape of the measured intensity variations with Q in our diffuse X-ray scattering measurements. The measured temperature dependence of the diffuse signal also corroborates that it is primarily associated with phonons (TDS). The origin of the large intensity in TDS in reciprocal {111} planes can be traced to the low energy of transverse acoustic modes whose wavevectors lie in those planes. The relative softness of these modes is itself a reflection of their weak restoring forces, owing to the coupling with the electronic (Peierls) instability, as described in the main text. IXS measurements. Phonon dispersion curves were measured using IXS rather than INS because the neutron scattering cross-section of vanadium is incoherent. Dispersions for low-energy phonon branches were measured from single crystals of rutile VO 2 using the HERIX X-ray spectrometer at beamline 30-ID-C at the APS with 23.7 keV (l 5 0.5226 Å ) X-rays focused to a beam size of ,30 mm. The instrumental energy resolution for IXS scans was ,1.4 meV FWHM, much smaller than most of the measured linewidths. VO 2 single crystals (growth described above) were small rectangular rods with a typical cross-section of ,250 mm. This thickness was chosen to maximize the scattering signal in transmission IXS measurements. We did not observe sample cracking problems known to be associated with the large (,0.5-1%) lattice parameter changes at the MIT in the small rectangular samples. However, we did observe that larger flakes (several millimetres wide) shattered after cycling through the MIT. The single-crystal rods were attached at one end to a copper post using thermally conducting epoxy, and the post was then mounted in an evacuated heating stage on a Huber diffractometer for sample rotations. Typical counting times were in the range of 20 to 60 s at each point in energy scans at constant q. Representative energy scans are shown for the rutile R point (Fig. 3b) and for the M point in reciprocal space (Extended Data Fig. 4) . The scans generally exhibited broad asymmetric profiles that were well fitted by the line shape produced by a strongly damped harmonic oscillator. Energy scans were fitted using the expression for the scattering function for a damped oscillator of energy Bv (ref. 36):
Here the first term, 1 1 n(v), includes the temperature-dependent Bose-Einstein population (described above), M is the atomic mass, 2c is a damping factor that describes the phonon scattering rates, and v o is the bare phonon frequency in the absence of damping forces. Note that the line shape is asymmetric and the undamped energy Bv o does not exactly correspond to the peak intensity position in the energy scans. We note that Fig. 3c presents the experimental IXS results in the standard fashion where the phonon energy, E, is plotted versus the magnitude of the wavevector Q along various symmetry directions in reciprocal space. In this plot, the measured points for different branches are folded into a single zone. Although different phonon branches may lie close in energy in this plot, they were actually measured in different Brillouin zones and thus are well separated in scattering measurements probing the four-dimensional dynamical structure factor S(Q, E). That is, measurements for different phonon branches use different scattering geometries to intentionally probe particular polarizations for the atomic vibrations. The total scattering vector, Q 5 k i 2 k f , can be described as the sum of a Bragg peak position and a smaller vector, q, inside the Brillouin zone. Using different combinations of Q and q, independent, non-overlapping measurements are obtained for each phonon branch with no possibility of overlap. This is the conventional triple-axis spectrometry method used for measuring phonon dispersion curves at inelastic neutron scattering facilities, and this approach been implemented for IXS at synchrotron sources. In addition, rutile VO 2 has a small unit cell and high symmetry; the number and expected general locations of the phonon branches are known. Thus, multiple overlapping phonon branches can be ruled out as the source of the extremely large apparent linewidths. The fact that extreme widths are observed at many different positions in reciprocal space (vertical bars in Fig. 3c ) further confirms that this observation is not an artefact of nearby branches.
As an example, we illustrate in Extended Data Fig. 5 how the transverse acoustic and longitudinal acoustic polarizations were measured separately along the C-Z phonon branch, a direction where the energy linewidth is large, using different regions of reciprocal space. In this direction, the TA1 and TA2 modes are equivalent owing to tetragonal symmetry and, thus, additional linewidth cannot arise due to separate unresolved transverse acoustic branches. Along the direction C-Z, the transverse acoustic phonon dispersions were measured at rutile reciprocal-lattice points Q TA 5 (0, 4, f) with f 5 0 to 0.5, and the longitudinal acoustic dispersions were measured along Q LA 5 (0, 0, 2 1 f). These are the directions of the total scattering vector, Q. The phonon wavevector is q 5 (0, 0, f). As shown in the schematic of reciprocal space with f < 0. ). We used experimental structures 15,41 as starting configurations and relaxed the lattice parameters and atomic positions until all atomic force components were smaller than 1 meV Å
. The harmonic phonon dispersion calculations were performed with VASP and Phonopy 42 . The supercell was chosen as 2 3 2 3 5 for the rutile phase (5 unit cells along c) and 2 3 2 3 2 for the M1 phase. For the exchange-correlation functional, most of our calculations used the generalized gradient approximation with PBE parametrization 43 . PBE1U was also used, with the Liechtenstein et al. . In addition, we have also used HSE06, a screened hybrid functional introduced by Heyd, Scuseria, and Ernzerhof 46 , where one-quarter of the PBE short-range exchange is replaced by exact exchange and the full PBE correlation energy is included (see ref. 30 for a detailed discussion of applying HSE to VO 2 ). The range-separation parameter m was set to m 5 0.207 Å
. The relaxed PBE1U structures were used in HSE calculations shown in Fig. 4 . The electronic DOS of the rutile phase was calculated on relaxed primitive cells for PBE and PBE1U, with a plane-wave cut-off of 500 eV and a 12 3 12 3 12 C-centred k-point mesh. From the electronic DOS, N(E), the electronic entropy was calculated to be
with f the Fermi-Dirac occupation function (evaluated at 340 K). The TDEP method 22 was used to perform anharmonic calculations at finite temperature (425 and 800 K) for the rutile phase. The lattice constants were interpolated or extrapolated from experimental data for these two temperatures 15 . We performed AIMD calculations at each temperature in the canonical ensemble (NVT). We prepared a 2 3 2 3 5 supercell in a thermally excited state in our AIMD simulations. For each temperature, eight parallel molecular dynamics simulations are performed, with a total of 16,000 time steps. We calculated the interatomic force constant tensor using TDEP, including the third-order (cubic) terms of the potential. From the finite-temperature force constants, we obtained the renormalized dynamical matrix and associated phonon dispersions. We used both PBE and PBE1U functionals in our AIMD for the rutile phase. We found that in this approach the PBE calculations tended to give better agreement with our high-temperature measurements than did PBE1U calculations. In particular, the PBE1U phonon dispersions LETTER RESEARCH at finite temperature tend to produce a softer phonon at the rutile zone-boundary R point than is observed experimentally, whereas PBE gave good agreement. Phonon dispersions in the harmonic approximation. As shown in Extended Data Fig. 6 , rutile VO 2 phonon dispersions calculated in the harmonic approximation produced unstable phonons across a wide region of the Brillouin zone for both PBE and PBE1U calculations, consistent with prior reports limited to harmonic approximations 19 . This failure hinders the use of harmonic lattice dynamics to study VO 2 , and therefore we introduced AIMD and the TDEP method, which takes into account anharmonic effects. With this approach, we obtained stable phonons across the whole Brillouin zone, with energies in good agreement with measurements of phonon dispersions, phonon DOS and TDS (Figs 1-3) . Frozen-phonon potentials in the rutile phase. Largely anharmonic frozen-phonon potentials (PBE) were found for the low-energy phonon modes at all high-symmetry points in the rutile Brillouin zone. Extended Data Fig. 7 shows the frozen-phonon potentials at C, M, A and Z points in the Brillouin zone.
